Abstract. Shibuya proved that any union of two nontrivial knots without local knots is a prime knot. In this note, we prove it in a general setting. As an application, for any nontrivial knot, we give a knot diagram such that a single unknotting operation on the diagram cannot yield a diagram of a trivial knot.
Introduction
In 1957, Kinoshita and Terasaka [8] introduced the notion of union of knots, which is a generalization of a connected sum as indicated in Figure 1 . For the connected sum of two knots, k 1 #k 2 , we consider an arc α which intersects a decomposing sphere in a single point such that the arc α meets k 1 #k 2 in its endpoints, one endpoint is on k 1 and another endpoint is on k 2 . By winding the subarcs of k 1 and k 2 along the arc α, we obtain a new knot or link, which is called a union of k 1 and k 2 . If there are no local knots in the exterior of the decomposing sphere and the arc α, it is called a union without local knots. For example, a union of two prime knots is a union without local knots, if the arc cannot be isotoped to miss the decomposing sphere. In a sense, any knot can be obtained from trivial knots by a finite sequence of union. In fact, the given knot k is obtained by the union of a trivial knot and a certain knot k with u(k ) = u(k) − 1.
In 1993, Shibuya [15] proved that any union of two nontrivial knots without local knots is a prime knot. In this note, we prove it in a general setting. 
Tangles
In this note, a tangle means a 2-string tangle, which is a pair (B, t) of a 3-ball B and two arcs t properly embedded in B. If a tangle has no local knots, the tangle is said to be locally trivial . Two tangles are said to be equivalent if there is a homeomorphism of pairs from one tangle to another. If two arcs in a tangle can be separated by a 2-disc properly embedded in a 3-ball, the tangle is said to be separable. If a tangle is locally trivial and separable, the tangle is said to be trivial . A regular diagram of a trivial tangle, or its spatial realization, is said to be rational. In a special class of rational tangles, there are integral tangles as in Figure 2 , where two arcs are winding by horizontally n (right) half-twists. They are sometimes called by the number of half-twists, n. In the case of ∞, the tangle has two arcs vertically parallel. If a tangle is locally trivial and nonseparable, the tangle is said to be prime.
The following Propositions 1 and 2 are known by Lickorish [9] . Proof. Consider the knot (or link) k obtained from the tangle (C, v) with ears as indicated in Figure 4 . As both tangles (A, t) and (B, u) are rational and neither tangle (A, t) nor (B, u) is integral, the result k is a 3-bridge knot (i.e. the connected sum of two 2-bridge knots). If the tangle (C, v) is trivial, k might be a 2-bridge knot. It is a contradiction. The proof of local triviality of (C, v) is easy and essentially contained in [9] , and so we omit it here. The proof is complete.
Montesinos knots and links
Montesinos [11, 12] defined a set of knots and links whose two-fold branched covering spaces are Seifert fibre spaces. In this note, we need only Montesinos knots and links with the three strands, which are indicated in Figure 5 , where R 1 , R 2 , R 3 mean rational tangles.
Montesinos knots and links are classified by Bonahon [5] and by Boileau and Siebenmann [4] . As corollary of their results, we have the following. Figure 5 . If none of the three rational tangles R 1 , R 2 , R 3 are integral, then k is a prime 3-bridge knot.
Proposition 4. Suppose k is a Montesinos knot (or link) with three strands as indicated in

Main Theorem
Main Theorem. Let k be a knot (or link) obtained from one rational tangle R and two tangles T 1 and T 2 , which are locally trivial tangles but are not integral tangles as indicated in Figure 6 . If R is not integral, then k is prime.
Proof. The proof is separated into the three cases as follows. (1) (1) From Proposition 2, the tangle obtained by joining T 1 with R is a prime tangle. Since the tangle T 2 is also prime, the result k is prime by Proposition 1.
(2) For convenience, let T 1 be trivial. As a hypothesis, the tangle T 1 is not integral. From Proposition 3, the tangle obtained by joining T 1 with R is a prime tangle. Since the tangle T 2 is also prime, the result k is prime by Proposition 1. Remark. In the statement of the Main Theorem, the reason to omit the case of integral tangles is from the existence of counterexamples as indicated in Figure 7 .
As a corollary of the Main Theorem, we have the following result on a union of two nontrivial knots.
Corollary. Let k 1 and k 2 be nontrivial knots, which are presented by locally trivial tangles T 1 and T 2 with ears as indicated in the left of Figure 8. Suppose that k is a knot (or link) obtained from two tangles T 1 and T 2 and one rational tangle R as indicated in the right of Figure 8. If R is not integral, then k is prime.
Proof. Since the two knots k 1 and k 2 are nontrivial, the two tangles T 1 and T 2 are License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Figure 8 not integral. From the Main Theorem above, we have the required result. The proof is complete.
Inside story of tangle
The development of knot theory in the 1980s gave us many results and tools. The solution of Property P for strongly-invertible knots, the solution of Property R, and the super-additivity of genus on band-sum enable us to show the following facts easily. The proofs can be seen in several papers, for instance, [2] , [3] , [6] , [14] .
Proposition 5. For a nontrivial tangle, there is at most one attachment with a trivial tangle to yield a trivial knot.
Proposition 6. For a nontrivial tangle, there is at most one attachment with a trivial tangle to yield a trivial 2-component link.
Proposition 7. For a tangle, suppose that there are an attachment with a trivial tangle to yield a trivial knot and an attachment with a trivial tangle to yield a trivial 2-component link. Then the given tangle is trivial.
Related to these topics, there is a problem on tangles as follows.
Problem. For a tangle, how many attachments with a trivial tangle that yield composite knots and links exist?
Eudave-Muñoz [6] proved the number is at most three, but the example to establish it is still unknown. He also gave an example which has two attachments with a trivial tangle to yield composite knots (cf. [1] ). This example is closely related to the example in Figure 7 .
We can give an elementary proof for the following fact:
Proposition 8. Trivial knots, 2-bridge knots, and torus knots are unchanged by mutation.
Proof. Let k be either a trivial knot, 2-bridge knot, or torus knot. Suppose that (S 3 , k) is decomposed into two tangles. Since k is a prime knot, the two tangles are assumed to be locally trivial. (Otherwise, one of the two tangles must be trivial.) It is known that k cannot be decomposed into two prime tangles (furthermore, not into two n-string prime tangles): For the case of a trivial knot or 2-bridge knot, the proof is given by Lickorish [9] . For the case of a torus knot, the proof was given by Kawauchi and the author as stated in [7] : If k were decomposed into two prime tangles (A, A ∩ k) and (B, B ∩ k), then the complement Σ \ k of k in the decomposing sphere Σ is incompressible in both sides. Therefore, the knot group π(S 3 \ k) of k is the free product of the fundamental groups π(A \ k) and π(B \ k) of the complements of k in both tangles, with the amalgamated subgroup π(Σ \ k). If the knot group π(S 3 \ k) has a center, then the center must be contained in the amalgamated subgroup (see [10] ). The amalgamated subgroup π(Σ \ k) is a free group of rank three, and it has a trivial center. On the other hand, the knot group of a torus knot has a nontrivial center Z. It is a contradiction. Therefore, one of the two tangles is a trivial tangle. A trivial tangle cannot be changed by mutation. Hence, k is also unchanged by mutation. The proof is complete.
Unknotting numbers and knot diagrams
In [13] , the author gave a knot diagram of the unknotting number one knot 6 2 such that a single unknotting operation on the knot diagram cannot yield a knot diagram of trivial knot. By the Main Theorem above, we can give a knot diagram for any nontrivial knot such that a single unknotting operation on the knot diagram cannot yield a knot diagram of trivial knot. It is clear for knots with unknotting number two or more. For an unknotting number one knot, we deform a knot diagram as follows.
For a knot diagram, there is at most a finite number of crossings where a single unknotting operation yields a knot diagram of trivial knot. At each such crossing, we deform a neighborhood of the crossing as in Figure 9 . Except crossings marked with ♣ and ♠, a single unknotting operation yields a knot diagram of nontrivial knot, since the resulting knot has the original knot as a factor with respect to connected-sum. At the crossing marked with ♣, a single unknotting operation yields a knot diagram of nontrivial knot. That is because the resulting knot satisfies the condition of the Main Theorem in the case of (1) or (2) . In this case, the tangle corresponding to two parallel knotted arcs is a prime tangle. If the other tangle might have a local knot, the proof was clear. So, we can assume the other tangle has no local knot, and this situation satisfies the case (1) or (2) in the proof.
At the crossing marked with ♠, a single unknotting operation yields a knot diagram of nontrivial knots, too, since the two parallel knotted arcs in the 3-ball is a prime tangle. As in the previous section 5, there is at most one attachment with a trivial tangle to yield a trivial knot. And any attachment with a nontrivial tangle yields a nontrivial knot. It is clearly seen that only one attachment of the two parallel knotted arcs in the 3-ball with a trivial tangle yields a trivial knot. In this case, the loop γ as in Figure 10 must bound a disc in the complement of the knot, since the knot is geometrically essential in the solid torus S 3 \
• N (γ). This is a contradiction. Therefore, we can have the required result.
